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The Use of Powell’s Conjugate Gradient Minimization
Method for Computing Concentration Profiles in
Multicomponent and Multistage Separation Systems

C. GILATH, R. G. GOODSON,* 1. SHRAGA,t and D. WOLF}

SOREQ NUCLEAR RESEARCH CENTRE
YAVNE, ISRAEL;

WEIZMANN INSTITUTE OF SCIENCE
REHOVOT, ISRAEL

Abstract

Concentration profiles in multicomponent and multistage separation systems
can be computed by using a continuous or a stagewise model. The numerical
calculations are iterative, and fast convergence is achieved when Powell’s
conjugate gradient minimization method is used. The procedure developed in
the present work was implemented on thermal diffusion separation systems
for oxygen and krypton isotopes. Although the technique was developed with
special emphasis on isotope separation problems, it is also applicable to other
multicomponent and multistage separation processes.

INTRODUCTION

Computations of concentration profiles are important for the design
and the operation of multistage separation systems. A typical design
problem is the calculation of the required number of stages and/or inter-
connections in large separating cascades. In cases where existing equip-
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ment having a given number of separating stages is used, the product
and waste concentrations must be found under various operating condi-
tions.

Although in some cases only product and waste concentrations must
be determined, their computation requires knowledge of the whole con-
centration profile. This profile is calculated by using stagewise or con-
tinuous models. The nonlinear nature of the equilibrium relations makes
an analytical solution of the problem difficult or impossible. Thus nu-
merical iterative procedures are used (/). The calculations are completed
when the total and component mass balances as well as equilibrium
conditions at each stage are satisfied. The speed of convergence of these
computations is of great practical importance.

The iterative procedures are relatively simple for two-component
systems, since by assuming the concentration of one component, the
concentration of the other is also defined. Simple procedures, such as
the direct iteration and the regula falsi methods (1), can be readily used
and convergence is fast. The problem becomes difficult when a multicom-
ponent system is involved. It is further complicated when dealing with
very small separation factors, as in isotope separation systems, with several
hundreds up to a few thousand stages. Moreover, curved concentration
profiles occur for some intermediate components, and make the com-
putations even more difficult. An example of this is the separation of
170 from *80 and 90 (3).* Thus there is a need for a converging technique
for the computation of the concentration profile and the product con-
centration.

The present paper describes such an iterative procedure in which
Powell’s conjugate gradient minimization method (2) is used. This pro-
cedure was applied to computations on the thermal diffusion separation
of oxygen and krypton isotopes in enrichers and systems consisting of
enrichers and strippers. Although the technique was developed with
special emphasis on isotope separation problems, it is also applicable
to other multicomponent and multistage separation processes, such as
distillation, extraction, and chemical exchange.

*At certain conditions during the separation of oxygen isotopes by the thermal
diffusion of oxygen gas, the concentration of '7Q first decreases from the bottom of
the cascade upward and then increases again toward the top.
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CONCENTRATION PROFILES IN MULTICOMPONENT
MULTISTAGE SEPARATION SYSTEMS

The separation systems treated in this work are enrichers (Fig. 1),
strippers (Fig. 2), and cascades consisting of an enricher and a stripper
(Fig. 3). Both total reflux operating conditions and conditions of product
and waste withdrawal are considered. The systems may consist of discrete
separating stages (e.g., plates) or they may be continuous (e.g., packed
distillation columns, thermal diffusion columns). The “plate-by-plate”
or “stagewise” method for the computation of concentration profiles
In binary separating systems is well known in chemical engineering
(1, 4). The computation becomes somewhat time consuming when dealing
with a large number of stages as is the case in isotope separation. Under
these conditions it is questionable whether it is necessary to know the
concentrations at every stage. Thus Cohen (5) described isotope separa-
tion cascades made up of many separating stages, as if they were con-
tinuous. This description becomes even more natural when the separating
system is in fact continuous. Cohen (5) solved his continuous model for
the separation of binary mixtures analytically by linearizing the equi-
librium relationship. An advantage of the numerical solution of the
continuous or stagewise models presented in this paper is that this lin-
earization is not required. These models permit the computation of the
concentration profile for given feed, waste, product and internal flow
rates, concentration of feed, location of feed, number of stages, and
separation factors.

The Continuous Model

Enricher. The countercurrent enricher, shown in Fig. 1, can be either
a discrete stage system {(e.g., plate column) having N theoretical stages
or a continuous system with the same number N of equivalent theoretical
stages and a total height Z. The downflow, upflow, and product flow
rates are labeled Lg, Vg, and P, respectively. Lg and Vg are the liquid and
vapor flow rates in the case of distillation and the flow rate of the “cold”
and “hot” stream, respectively, in thermal diffusion columns (6). An
m component mixture is separated. The concentrations of component
i (I £ i< m)in the feed, product, and waste streams are Xg;, Xp;, and
Xy, respectively. Xg; and Yg; are the concentrations in the down and
upstream, respectively.
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The concentrations gradients dXp;/dz and dYg,/dz are defined by

LE dZ = K(XE: -— XE:) (1)
Ve = — KX} — Xp) @

where z is the height in the column measured from the top and X is
the overall mass transfer coefficient. Xg; and Yg; are the concentrations
at height z. X¥; is the concentration of component i in the downflow
stream, in equilibrium with the upflow stream:
X3 = e ®

2 ;X

i=1
a; is the separation factor for the component j.

It is convenient to convert the height z into the normalized height
5, where s = 0 at the bottom of the column and s = 1 at the top (see
Fig. 1). Furthermore, since in isotope separation the operating and
equilibrium lines are almost parallel, the number of transfer units and
the number of theoretical plates (stages) are in effect the same (4). Thus
Ng can be substituted for the mass transfer coeflicient K by

Ng = KZJL @

where Lis the downflow rate per unit cross section of the column. Xg;
is substituted from Eq. (3) into Eq. (1). Integrating once, the following
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equation is obtained:

dYg;
T: — N(1 + RpXg; — Y] = C; ®

where

Ry = PV ©®

Xg; and Yy, are continuous functions of s. The integration constant
C; is found so as to satisfy the prevailing boundary conditions. For
isotope separation systems, the reflux ratio is usually very high, R is
very small, and one can assume that at s = 0

Y(0) = Xgi(0) D
Under these conditions, the concentration gradient in the enricher is
dYEi *
s NeRgYg0) — Ngl(1 + Rp)Xg; — Yl (®)

Stripper. The stripper shown in Fig. 2 has Ny separation stages. W
represents the waste flow rate. By a method similar to that shown in
the previous section, the following concentration gradient is obtained for
the stripper:

dXs;
— = NsReXs(1) + Nl Y5 — (1 + Ro)Xg)] ©)
where
Rs = W[V (10
Y5 = T(M— (11)
Z (Vo) Xs;
j=1
. w
s=1 Stage Ng
$=0 Stage 1
vs _‘J L—Ls

F1G. 2. Stripper.
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and Xg; and Xj;(1) are the concentrations at any height (s) and at s = 1,
respectively, of the component i in the downflow stream.

Equation (9) is based on the assumption that at the top of the stripper,
where s = 1,

Xsl) = Ys(1) (12)

This relation applies to isotope separation systems operating at a high
reflux ratio and very small Rg.

Enricher and Stripper. A system consisting of an enricher and a stripper
is shown in Fig. 3. Equations (8) and (9) describe the concentration
gradients in the enricher and stripper, respectively. Additional equations
describe the balances at the feed point and are specific for the given system.
For example, it is common to feed a thermal diffusion cascade via a
reservoir located between the enricher and the stripper, as shown in Fig.
3. Under conditions of good mixing in this reservoir and equal split of

W Xy

s = Stoge Ng

s=0 Stage 1
L ¢, Xg,(0) Vs X%, ©)

FiXei

LeXe(!) | ®

s= Stage Ng
s=0 L ‘ Stage 1
R Xpi

FiG. 3. A system consisting of an enricher (bottom) and a stripper (top) with
a reservoir between them.
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feed flow rate F to the enricher and stripper, the following relations are
obtained:

Vs = Vg + FJ2 (13)
Ly =Ls+ F2 (14)
XplD) = Y5/0) = [FXp; + LX5(0) + VeYe(D)/(Ly + Vs (13)

The Stagewise Model

This model is based on solving the operating line equation in con-
junction with the equilibrium relationships, Eqgs. (3) and/or (11). Stages
are always counted from the bottom of the enricher and the bottom
of the stripper (see Figs. 1-3). The operating line for component i at
stage nFE of the enricher (1 € nE < Ng) is

Xopi = (VeYyp- 11 + PXp)/Lg (16)
For stage nS of the stripper (1 < nS € Ng) the operating line is
an,i = (VSYnS—l,i - WX,)/Ls an

In the equilibrium stage, X,g ; is in equilibrium with Y,z ; and Y,s;
is in equilibrium with X, ; according to Egs. (3) and (11), respectively.

To solve for the concentration profile, the operating line equation
and the equilibrium relationship must be solved simultaneously at each
stage. In the case of an enricher, for example, one starts from the bottom
of the system, where X, ; = Xp;, and computes Y, ; using Eq. (11), then
proceeds to X, ; using the operating line equation Eq. (16) and so on,
to the top stage Ng. When the computation converges properly, Yy, ; =
Xy ; should satisfy the balance for component i at stage N, expressed by

LeXpi + VYyoo1i= LgXng, + VeYu,,i (18)
as well as the overall balance for the whole enricher, expressed by
LgXp; = PXp; + ViXy, 19

The stagewise and continuous models are different descriptions of the
same system. The stagewise model can be considered as resulting from
a special discretization in space (column height) of the continuous model
according to the height of an equilibrium stage. One takes advantage of
the equilibrium relationships given in Eqs. (3) and (11) that hold true for
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a height equivalent to an equilibrium stage. One could arrive at different
equations similar to Egs. (16) and (17) by using other discretizations, and
in this case the relationship between X, ; and Y,;; would be different
from Egs. (3) and (11).

COMPUTATION OF CONCENTRATION PROFILES
BY A MINIMIZATION TECHNIQUE

The need for fast converging concentration profile calculations was
explained in the introduction. One can define a convergence performance
criterion PR and minimize it. Once the minimum PR is reached, the true
concentration profile will be available.

The computation of a concentration profile involves the following steps:

(1) The formulation of a model describing the change of concentra-
tion along the system, as shown in the previous section.

(2) Definition of an adequate performance criterion.

(3) Computation of an initial guess regarding the concentration at
either end, product or waste, of the system.

(4) Computation of the concentration profile by an iterative procedure
until a minimum of the performance criterion is achieved. A
minimization technique “drives” this computation by providing
the guesses for subsequent iterations.

The flow chart shown in Fig. 4 illustrates the above-mentioned pro-
cedure for the computation of the product concentration and concentra-
tion profile in an enricher (see Fig. 1) used for the separation of m com-
ponents. The initial guess on which the computation is based is labeled
Xp; (=1, ..., m).

The minimization method used in the present work is the conjugate
gradient method, described by Powell (6), who also gave the algorithm
for its implementation. However, other minimization techniques may
also give satisfactory results.

Performance Criterion

A quadratic performance criterion was used throughout the present
work:

PR =3 /2 20)
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J; are functions defined for each of the m components. For the enricher
(Fig. 1), f; expresses the overall balance for (in — 1) components:

fi = LygXp; — PXp; — ViXy; (1)

whenl €<i < m— 1, while fori = m:

fo= 3 Xei= 1 @)

This last equation is based on the requirement that the sum of the
product concentrations Xp; should be equal to 1.

f; can be defined similarly for the stripper (Fig. 2). For the enricher
and stripper (Fig. 3), the f; for m — 1 components is based on the material
balance at the feed reservoir:

fi = LX5i(0) + FXp; + VY1) = LeXg(1) — VsY5(0)  (23)

[, remains defined by Eq. (22).

In some cases, cascades are operated at total reflux. This is a particular
case of the enricher and stripper discussed above, with R; = 0 and
Rg = 0. The f; for the stagewise model are defined for 1 </ < m as

NE+Ns

Ji=Xp — Zl X,i/(Ng + Ny) (24)
=
If a continuous model is used, f; becomes
1

ﬁ:XFi—Lde (25)

Initial Guess

As mentioned above, an initial guess Xp; (j = 1, ..., m) is needed
for the computation of the product concentration and concentration
profile in an enricher. Similarly, Xy;(j =1, ..., m) is needed for com-
putations on a stripper. The initial guess should be as close as possible
to the expected concentrations in order to facilitate the calculation
and reduce the number of iterations necessary to reach convergence,
Several ways to obtain the initial guess are described below.

Linearization of Equilibrium Relationship. Linearizing the equilibrium
relationship expressed by Eq. (3) yields
X5 = a;Yg (26)

Substituting Eq. (26) into Eq. (8) for an enricher, the following equation
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is obtained:

Yes) = U, Yg(D[1 + qieNEai(l—S)] @7n
where
T eNEe
r 1
=1 ra=1 (29)
r= PV (30)
=0+ ra; — 1 31
g, = 1T, 32)

At the bottom of the enricher, Xp;, = Y5(0). Yg(1) is determined
from a material balance over the enricher (Fig. 1) and substituted into
Eq. (27). Thus the following relation is obtained:

LeXrl + q)

Y5i0) = PU(Il +q) + W 33)

This expression can serve as an initial guess which will be closer
to the actual concentration, the lower the concentrations are and the
closer the separation factors are to 1. Under these conditions the error
introduced by linearization becomes relatively less significant.

Lehrer (7) considered the case of an enricher separating a binary
mixture in which the isotope of interest is at a low concentration and
has a separation factor very close to 1. Under these conditions the en-
richment E; for component i was found by him to be

_ Ye(0) _ E ™

£ Xpi  Eg;+ e —1 (34)
where
Q= Q=g 35)
Egi =1+ pjaf (6)
Qi = Nglo; — 1) (37
p = Lg/P (38)

ocf = o;f(e; — 1) (39)
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Y:(0) can be found by solving Eq. (34). Although originally the above
expressions were developed (7) for binary mixtures, they can be expanded
to multicomponent mixtures, provided the component / is at low con-
centration. For example, if the natural abundancies of the oxygen isotopes
is considered, i.e., 0.037% 70 and 0.204% ‘20, the enrichment of %0
vs 1°0 can be computed as if there were no '70O. That is, the system is
reduced to a ‘‘quasi-binary’ one.

Treating an enricher and stripper (Fig. 3), the initial guess, Xp;, is
obtained by Eq. (33), disregarding the stripper. The initial guess for
the stripper, Xy, is then obtained by performing a material balance
over the whole system using the Xp; found above.

Weighted Separation Factors. The above Eqs. (33) and (34) are useful
mainly at relatively low concentrations. At higher concentrations it
is usual to use a separation factor «; related to one of the components
and disregard the other components. However, this introduces significant
error. For example, in a 6-component system (the separation of krypton
isotopes) an enrichment of some components was obtained in spite of
the fact that stripping was expected for those components. An improve-
ment can be achieved by using a weighted separation factor &;:

&= ¥ X, (40)

where «; is the separation factor of component i from j.

Another possibility exists for thermal diffusion systems where the
computation of the separation factors is based on the molecular weight
of the components. In this case an average molecular weight M,, of
all the components in the system except / is computed:

M, = '—21 M.X; _Z‘l X; (41)
%] it

The weighted separation factor &; is then computed from the molecular
weight of component j and M,,, and the computation of the initial guess
X p; proceeds using Egs. (33) and (34). However, the values Xp; obtained
have to be normalized in order to preserve

N

XPJ=1
1

J



14: 06 25 January 2011

Downl oaded At:

COMPUTING CONCENTRATION PROFILES 12l

Other Methods. In an enricher (Fig. 1) having a large number of stages,
Xy; can be computed by assuming it to be in equilibrium with the feed
Xp;o Xp; can then be calculated from the material balance on the entire
enricher. Similarly, in the case of an enricher and stripper (Fig. 3), it
can be assumed that Xg,(1) = Xg;. Then Yg(1) is computed as if it is in
equilibrium with Xg/(1). Xp; is readily obtained from the material balance
on the enricher.

In some cases the initial guess does not lead, within a limited number
of iterations, to a convergence of the computation to the required accuracy.
It is then useful to start the minimization procedure again, using the
results from the previous step as the new initial guess. Similarly, the use
of initial guesses based on previous plant operation experience is found
to be very useful.

Use of Normalized Concentrations

In some multicomponent calculations, when concentrations are spread
over a wide range, the performance criterion as defined in Eq. (20) becomes
weighted in favor of components at higher concentrations, while those
occurring at low and very low concentrations are not sufficiently repre-
sented. The solution converges for the components at medium and high
concentrations, while for the other components the convergence is very
slow. In order to avoid this inconvenience, one could either weigh properly
the different values of f; (Eqs. 21-25) in the performance criterion or
normalize the concentrations vs the initial guess. The second approach is
more attractive because it is more general. For example, in the case of
the enricher (Fig. 1), the normalized concentration of component i at
height s, Wg(s), is defined as

Wels) = Ygis) Ye:i0) (42)

After replacing Yg(s) by the normalized concentrations Wp(s), Eq.
(8) becomes

YEi(O) dijfﬂ = NgRg Ye(0) WeA0)
Vo] + Ry e OWD g oy )
Z OCjYEj(O) WEj(S)

j=1

43)
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Substituting f; for «; Y5 (0), the above equation can be simplified
dWg{s) o;Wels
T — NeRWi(0) = Ne| (1 + R)m 2 _ )| (at
_Zl BiWei(9)
i=

The minimization technique is used with a performance factor based
on the normalized concentrations, W;;. At the end of the computation
these are reconverted into the actual concentrations Yy,(s). This method
was successfully used in computations performed for thermal diffusion
cascades separating isotopes of krypton.

RESULTS AND DISCUSSION

The methodology described in the previous section was implemented
in many computations. A few typical cases are described below.

Separation of Oxygen Isotopes by Thermal Diffusion

Enricher. The enricher, shown in Fig. 1, has 300 theoretical stages
and is fed with oxygen having natural abundancies of 70 (0.037%) and
180 (0.204%). Flow rates are: Ly = 35000 cc (STP)/day and P = 50 cc
(STP)/day. Separation factors are «;,,,¢ = 1.0066 and a4, = 1.0133.

The following initial guesses were used for the product concentrations:

(a) 0.18% 170 and 2%, *®0, based on previous experience.
(b) 0.1529% 70 and 1.8702% **0, based on Eq. (34).
(c) 0.1536% '70 and 1.8923 % 80, based on Eq. (33).

The product concentrations found by using the minimization technique
are 0.1512% 70 and 1.8612% '80. The computations were ended for
PR < 10729,

In this example, low concentrations were involved. Therefore, the
initial guesses based on the linearization of the equilibrium relationship
(above, b and ¢) were within about 29, of the actual product concentra-
tions.

Enricher and Stripper. A cascade (6) consisting of 6 columns (ZA1-ZA6)
of 100 theoretical stages each (see Fig. 5) was fed at its middle (i.e., be-
tween the top of column ZA4 and the bottom of column ZA3) with
oxygen gas at a flow rate of 470 cc (STP)/day. The cascade was operated
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ZAl ZA2 ZA3 ZA4 ZA5 ZA6

FIG. 5. A thermal diffusion cascade for the separation of oxygen isotopes. The
columns are labeled ZA1-ZA6.

at P =W = 235 cc (STP)/day and Lg = Vg = 26,000 cc (STP)/day. The
enricher (columns ZA4, 5, and 6) and the stripper (columns ZA1, 2, and
3) have 300 theoretical stages each, i.e., Ny = Ng = 300. The feed com-
position was 12.4% 170, 49.99 '®0, and 37.7%, *°0. Separation factors
are as in the previous example.

Two sets of initial guess concentrations, X p;, were used:

(1) 11.29% 70, 81.985% 80, and 6.725% '°O. These concentrations
were obtained, as shown in the section entitled “Other Methods,”
1.e., assuming that Y, (1) is in equilibrium with X;,(1) = Xg,;.

(2) 10.9% '"0, 75.6% '®0, and 13.5% !°0, based on previous
experience.

With both initial guesses, at convergence (PR < 107!%), the product
concentrations are 10.946% 170, 78.411% 180, and 10.643% 0. The
experimental and computed 7O and !0 concentration profiles along
this cascade are shown in Fig. 6. ZA1T represents the top of column
ZA1 and therefore the top of the entire cascade. ZA1-ZA6 are concen-
trations at the bottom of columns ZA1-ZA®6, respectively.

The curved concentration profile for 170 as mentioned in the introduc-
tion was found both experimentally and by computation. Good agree-
ment was found between the computed and experimental 170 and '*0O
profiles.

Separation of Krypton Isotopes by Thermal Diffusion

An enricher consisting of thermal diffusion columns with a total
of 600 separation stages was fed at its top with krypton. The feed con-
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FiG. 6. Concentration profiles in the ZA1-ZA6 thermal diffusion cascade
(Fig. 5) for the separation of oxygen isotopes: (ll) !’O measured concentration,
(+) 7O calculated concentration, (@) '®0 measured concentration, and

(A) '®O calculated concentration,

sisted of 6 components, ie., "°Kr, 8°Kr, %2Kr, #3Kr, 8Kr, and ®°Kr,
at their natural abundancies, Xp;, as shown in Table 1. The cascade was
operated at L = 15,000 cc (STP)/day and P = 50 cc (STP)/day. Separa-
tion factors of the various isotopes from 8°Kr, as well as weighted separa-
tion factors, are given in the same table. Five different initial guesses,
IG1-1GS5, as shown in Table 1, were used:

¢y
@
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@

&)

IGI1 is based on the linearization of the equilibrium relationship
and Eq. (34).

IG?2 is also based on the linearization of the equilibrium relation-
ship, but uses Eq. (33). Neither IG1 nor 1G?2 satisfy the condition
L7 Xpj = 1.

1G3 was obtained by normalizing the concentrations found in
1G2, thus satisfying Y7, Xp; = 1.

1G4 was found by assuming that Xy ; is in equilibrium with Xg;
(see the section antitled “Other Methods™). It can be seen in the
table that this assumption lead to negative product concentrations.
In IG5, the negative concentration obtained with 1G4 were
replaced by an arbitrary value of 0.1%.

The computations were performed by using normalized concentrations,
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as shown in the section entitled “Use of Normalized Concentrations.”
The Xp; product concentrations were computed by using the various
initial guesses and the minimization technique. The computation was
completed when a performance factor of less than 107 '® was achieved.
The results were found to be independent of the different initial guesses
used. However, the convergence was very slow when using the initial
guess IG5 because, in this case, the guessed "8Kr, 3°Kr, and #?Kr con-
centrations were very different from the actual values. The results obtained
by using the continuous model were slightly different from those computed
by the stagewise model. However, these minor differences have no practical
importance.

CONCLUSIONS

Concentration profiles in multicomponent and multistage separation
systems can be computed by using a continuous or a stagewise model.
It was shown that both models lead to essentially the same results. Nu-
merical solutions of these models are iterative. Therefore, initial guesses
of concentrations at one end (usually the product) of the system are
needed. Several methods for obtaining such initial guesses were presented.
The use of the minimization technique permitted the fast convergence
of concentration profile computations. The thermal diffusion separation
of krypton isotopes was given as an example to illustrate the potential
of the procedure developed in this work. This is a difficult separation of
6-component mixture involving widely varying concentrations over 600
separation stages. Although developed with special emphasis on isotope
separation problems, the procedure is also applicable to other multicom-
ponent and multistage separation processes.

SYMBOLS

integration constant

enrichment

defined in Egs. (21)—(25)

mass transfer coefficient

downflow rate

downflow rate/unit cross section
average molecular weight, Eq. (41)
number of components
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N total number of stages

P product flow rate

performance factor defined in Eq. (20)
defined in Eq. (32)

defined in Eq. (5)

defined in Eq. (10)

defined in Eq. (30)

normalized height

defined in Eq. (29)

defined in Eq. (28)

upflow rate

normalized concentration, defined in Eq. (42)
concentration in the downflow stream
defined in Eq. (3)

initial guess of product concentration
concentration in the upflow stream
total height

height

~
Y
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Subscripts

E enricher

F feed

i component
nE number of the stage in the enricher
nS number of the stage in the stripper

P product

S stripper

w waste
o0 infinite column

Greek Letters

separation factor

defined in Eq. (39)
defined in Eq. (40)
defined in Eq. (31)
defined in Eq. (35)
defined in Eq. (38)
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